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Abstract
In this paper, we introduce the reverse-space and reverse-space-time nonlocal discrete derivative non-
linear Schro¨dinger (DNLS) equations through the nonlocal symmetry reductions of the semi-discrete
Gerdjikov-Ivanov equation. The muti-soliton solutions of two types of nonlocal discrete derivative non-
linear Schro¨dinger equations are derived by means of the Hirota bilinear method and reduction approach.
We also investigate the dynamics of soliton solutions and reveal the rich soliton structures in the reverse-
space and reverse-space-time nonlocal discrete DNLS equations. Our investigation shows that the solitons
of these nonlocal equations often breathe and periodically collapse for some soliton parameters, but re-
main nonsingular for other range of parameters.
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1 Introduction
Since Ablowitz and Musslimani proposed continuous and discrete reverse-space, reverse-time and reverse-
space-time nonlocal nonlinear integrable equations by introducing new nonlocal symmetry reductions of the
AKNS scattering problem and Ablowitz-Ladik scattering problem [1, 2, 3], the nonlocal integrable equations
have triggered renewed interest in integrable systems. A variety of mathematical methods such as inverse
scattering methods [1, 2, 3, 4, 5], Darboux transformation methods [6, 7, 8], Hirota’s bilinear method and
KP hierarchy reduction method [9, 10, 11, 12, 13, 14] have been applied to study the nonlocal integrable
equations. The nonlocal integrable equations possess some specific solution behaviors, such as finite-time
solution blowup[1, 15], the simultaneous existence of solitons and kinks[16], the simultaneous existence of
bright and dark solitons[1, 4], and distinctive multisoliton patterns[17].
In [18], the author proposed an integrable semi-discrete Gerdjikov-Ivanov equation{
iqn,t + (qn+1 + qn−1 − 2qn)− qn (qn+1 + qn−1) (rn+1 − rn + qnrnrn+1) = 0,
irn,t − (rn+1 + rn−1 − 2rn) + rn (rn+1 + rn−1) (qn−1 − qn + rnqnqn−1) = 0,
(1.1)
where qn = q(n, t), rn = r(n, t) are complex functions on Z ×R. The Miura map un = qn, vn = rn+1 − rn +
qnrnrn+1 and another Miura map un = qn−1 − qn + rnqnqn−1, vn = rn connect the semi-discrete Gerdjikov-
Ivanov equation (1.1) with the coupled discrete nonlinear Schro¨dinger equation proposed by Ablowitz and
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Ladik {
iun,t + (un+1 + un−1 − 2un)− unvn (un+1 + un−1) = 0,
ivn,t − (vn+1 + vn−1 − 2vn) + unvn (vn+1 + vn−1) = 0.
(1.2)
The semi-discrete Gerdjikov-Ivanov equation (1.1) has been solved by the inverse scattering method[18].
However, the Hirota bilinear formalism of Eq.(1.1) has not been reported yet. In this paper, we present
the bilinear form of the semi-discrete Gerdjikov-Ivanov equation (1.1) and obtain its one-, two- and three-
soliton solutions via Hirota bilinear method. It is known that the semi-discrete Gerdjikov-Ivanov equation
(1.1) admits the local reduction of complex conjugation rn = ±iq∗n− 12 . In this paper, we introduce two
new nonlocal symmetry reductions rn = σq
∗
−n, σ = ±1 and rn = σq−n(−t), σ = ±1 of the semi-discrete
Gerdjikov-Ivanov equation (1.1), and obtain two nonlocal discrete DNLS equations:
iqn,t + (qn−1 + qn+1 − 2qn) + σqn(qn−1 + qn+1)(q∗−n − q∗−n−1 − σq∗−nqnq∗−n−1) = 0, (1.3)
and
iqn,t + (qn−1 + qn+1 − 2qn) + σqn(qn−1 + qn+1)(q−n(−t)− q−n−1(−t)− σq−n(−t)qnq−n−1(−t)) = 0, (1.4)
respectively. We derive one-, two- and three-soliton solutions for reverse-space discrete DNLS equation (1.3)
and reverse-space-time discrete DNLS equation (1.4), and study the dynamics of these soliton solutions.
The paper is organized as follows. In Section 2, we derive one-, two- and three-soliton solutions for the
semi-discrete Gerdjikov-Ivanov equation (1.1) by applying the Hirota bilinear method. In Section 3, one-,
two- and three-soliton solutions for the reverse-space discrete DNLS equation (1.3) are derived through the
reduction approach and dynamics of these solitons are discussed. In Section 4, we derive one-, two- and
three-soliton solutions for the reverse-space-time discrete DNLS equation (1.4) via the reduction approach
and investigate rich dynamics of soliton solutions. We end this paper with a conclusion and discussion in
Section 5.
2 Soliton solutions for the semi-discrete Gerdjikov-Ivanov equation (1.1)
In this section, we first bilinearise the semi-discrete Gerdjikov-Ivanov equation (1.1) and derive its one-,
two- and three-soliton solutions via the Hirota bilinear method[19].
Through the dependent variable transformations
qn =
gn
fn
, rn = −hn
sn
, (2.1)
Eq.(1.1) is transformed into the bilinear form
iDtfn •gn = fn−1gn+1 + fn+1gn−1 − 2fngn,
iDthn •sn = hn+1sn−1 + hn−1sn+1 − 2hnsn,
gnhn − fnsn + fn−1sn+1 = 0,
gnhn+1 + fnsn+1 − fn+1sn = 0,
(2.2)
where the bilinear operator Dmx D
n
t is defined by [19]
Dmx D
n
t f •g =
∂m
∂ym
∂n
∂sn
f(x+ y, t+ s)g(x− y, t− s)|s=0,y=0.
According to Hirota bilinear method, in order to construct one-soliton solution, we expand the functions
gn, fn , hn and sn with a small parameter ε as
gn = εg
(1)
n , hn = εh
(1)
n , fn = 1 + ε
2f (2)n , sn = 1 + ε
2s(2)n . (2.3)
2
By inserting expansions (2.3) into bilinear equations (2.2), we obtain the coefficient of ε1
− ig(1)n,t = g(1)n+1 + g(1)n−1 − 2g(1)n , ih(1)n,t = h(1)n+1 + h(1)n−1 − 2h(1)n . (2.4)
If we take the solution of linear differential-difference equations (2.4) in the form
g(1)n = e
ξ, h(1)n = e
η, (2.5)
with ξ = kn+ ωt+ δ, η = ln+ ρt+ α, then we yield the dispersion relations
ω = 4i sinh2
k
2
, ρ = −4i sinh2 l
2
. (2.6)
The coefficient of ε2 gives
g(1)n h
(1)
n − s(2)n − f (2)n + s(2)n+1 + f (2)n−1 = 0, g(1)n h(1)n+1 + s(2)n+1 + f (2)n − s(2)n − f (2)n+1 = 0. (2.7)
We obtain a solution of linear differential-difference equations (2.7) in the exponential form
f2,n = Ae
ξ+η, s2,n = Be
ξ+η, (2.8)
where
A =
el − 1
4 sinh2 k+l2
, B =
e−k − 1
4 sinh2 k+l2
. (2.9)
It can be verified that the coefficients of ε3, ε4 are automatically satisfied if we substitute (2.5) and (2.8) into
them. Therefore, one-soliton solution of the semi-discrete Gerdjikov-Ivanov equation (1.1) is given by
qn =
eξ
1 +Aeξ+η
, rn = − e
η
1 +Beξ+η
, (2.10)
with ξ = kn+ (4i sinh2 k2 )t+ δ, η = ln− (4i sinh2 l2 )t+ α,A = e
l−1
4 sinh2 k+l2
and B = e
−k−1
4 sinh2 k+l2
. Here k, l, δ and
α are arbitrary complex parameters.
For two-soliton solution, we take
gn = εg
(1)
n + ε
3g(3)n , hn = εh
(1)
n + ε
3h(3)n , fn = 1 + ε
2f (2)n + ε
4f (4)n , sn = 1 + ε
2s(2)n + ε
4s(4)n . (2.11)
When we insert expansions (2.11) into (2.2) and consider the coefficients of ε, we derive
g(1)n = e
ξ1 + eξ2 , h(1)n = e
η1 + eη2 ,
with ξj = kjn+ ωjt+ δj , ηj = ljn+ ρjt+ αj for j = 1, 2, and the dispersion relations
ωj = 4i sinh
2 kj
2
, ρj = −4i sinh2 lj
2
, j = 1, 2. (2.12)
From the coefficient of ε2, we derive
f (2)n = e
ξ1+η1+α1,1 + eξ1+η2+α1,2 + eξ2+η1+α2,1 + eξ2+η2+α2,2 ,
s(2)n = e
ξ1+η1+δ1,1 + eξ1+η2+δ1,2 + eξ2+η1+δ2,1 + eξ2+η2+δ2,2 ,
where
eαm,j =
elj − 1
4 sinh2
km+lj
2
, eδm,j =
e−km − 1
4 sinh2
km+lj
2
, m, j = 1, 2. (2.13)
The coefficient of ε3 gives
g(3)n = Aˆ1e
ξ1+ξ2+η2 + Aˆ2e
ξ1+ξ2+η2 , h(3)n = Bˆ1e
ξ1+η1+η2 + Bˆ2, e
ξ2+η1+η2 ,
3
where
Aˆm =
(
elm−1
) sinh2 k1−k22
4 sinh2 k1+lm2 sinh
2 k2+lm
2
, Bˆm =
(
e−km−1
) sinh2 l1−l22
4 sinh2 km+l12 sinh
2 km+l2
2
, m = 1, 2. (2.14)
From the coefficient of ε4, we derive
f (4)n = Me
ξ1+ξ2+η1+η2 , s(4)n = Ne
ξ1+ξ2+η1+η2 ,
where
M =
(
el1 − 1) (el2 − 1) sinh2 k1−k22 sinh2 l1−l22
16 sinh2 k1+l12 sinh
2 k1+l2
2 sinh
2 k2+l1
2 sinh
2 k2+l2
2
, N =
(
e−k1 − 1) (e−k2 − 1) sinh2 k1−k22 sinh2 l1−l22
16 sinh2 k1+l12 sinh
2 k1+l2
2 sinh
2 k2+l1
2 sinh
2 k2+l2
2
.
(2.15)
It can be verified the coefficients of ε5, ε6, ε7, ε8 are automatically satisfied. Therefore, two-soliton solution
of the semi-discrete Gerdjikov-Ivanov equation (1.1) is given by
qn =
eξ1 + eξ2 + Aˆ1e
ξ1+ξ2+η1 + Aˆ2e
ξ1+ξ2+η2
1 + eξ1+η1+α1,1 + eξ1+η2+α1,2 + eξ2+η1+α2,1 + eξ2+η2+α2,2 +Meξ1+ξ2+η1+η2
, (2.16)
rn = − e
η1 + eη2 + Bˆ1e
ξ1+η1+η2 + Bˆ2e
ξ2+η1+η2
1 + eξ1+η1+δ1,1 + eξ1+η2+δ1,2 + eξ2+η1+δ2,1 + eξ2+η2+δ2,2 +Neξ1+ξ2+η1+η2
, (2.17)
with ξm = kmn + (4i sinh
2 km
2 )t + δm, ηm = lmn − (4i sinh2 lm2 )t + αm(m = 1, 2), and the coefficients
αm,j , δm,j , Am, Bm,M,N are given by (2.13)-(2.15). Here km, lm, δm and αm(m = 1, 2) are arbitrary complex
parameters.
For three-soliton solution, we take
gn = εg
(1)
n + ε
3g(3)n + ε
5g(5)n , hn = εh
(1)
n + ε
3h(3)n + ε
5h(5)n ,
fn = 1 + ε
2f (2)n + ε
4f (4)n + ε
6f (6)n , sn = 1 + ε
2s(2)n + ε
4s(4)n + ε
6s(6)n .
(2.18)
By substituting expansions (2.18) into bilinear equations (2.2) and considering the coefficients of ε, we derive
g(1)n = e
ξ1 + eξ2 + eξ3 , h(1)n = e
η1 + eη2 + eη3 ,
with ξj = kjn+ ωjt+ δj , ηj = ljn+ ρjt+ αj for j = 1, 2, 3, and the dispersion relations
ωj = 4i sinh
2 kj
2
, ρj = −4i sinh2 lj
2
, j = 1, 2, 3. (2.19)
The coefficient of ε2 gives
f (2)n =
∑
1≤m,j≤3
eξm+ηj+αm,j , s(2)n =
∑
1≤m,j≤3
eξm+ηj+δm,j ,
where
eαm,j =
elj − 1
4 sinh2
km+lj
2
, eδm,j =
e−km − 1
4 sinh2
km+lj
2
, m, j = 1, 2, 3. (2.20)
The coefficient of ε3 gives
g(3)n =
∑
1≤m<j≤3
∑
1≤µ≤3
Am,j,µe
ξm+ξj+ηµ , h(3)n =
∑
1≤m<j≤3
∑
1≤µ≤3
Bµ,m,je
ξµ+ηm+ηj ,
where
Am,j,µ =
(elµ−1) sinh2 km−kj2
4 sinh2
km+lµ
2 sinh
2 kj+lµ
2
, Bµ,m,j =
(e−kµ−1) sinh2 lm−lj2
4 sinh2
kµ+lm
2 sinh
2 kµ+lj
2
, m, j, µ ∈ {1, 2, 3},m < j. (2.21)
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The coefficient of ε4 gives
f (4)n =
∑
1≤m<j≤3
∑
1≤µ<ν≤3
Mm,j,µ,νe
ξm+ξj+ηµ+ην , s(4)n =
∑
1≤m<j≤3
∑
1≤µ<ν≤3
Nm,j,µ,νe
ξm+ξj+ηµ+ην ,
where
Mm,j,µ,ν =
(
elµ − 1) (elν − 1) sinh2 km−kj2 sinh2 lµ−lν2
16 sinh2
km+lµ
2 sinh
2 km+lν
2 sinh
2 kj+lµ
2 sinh
2 kj+lν
2
, (2.22)
Nm,j,µ,ν =
(
e−km − 1) (e−kj − 1) sinh2 km−kj2 sinh2 lµ−lν2
16 sinh2
km+lµ
2 sinh
2 km+lν
2 sinh
2 kj+lµ
2 sinh
2 kj+lν
2
. (2.23)
The coefficient of ε5 gives
g(5)n =
∑
16m<j63
A˜m,je
ξ1+ξ2+ξ3+ηm+ηj , h(5)n =
∑
16m<j63
B˜m,je
η1+η2+η3+ξm+ξj ,
where
A˜m,j =
(
elm − 1) (elj − 1) sinh2 lm−lj2 sinh2 k1−k22 sinh2 k1−k32 sinh2 k2−k32
16 sinh2 k1+lm2 sinh
2 k1+lj
2 sinh
2 k2+lm
2 sinh
2 k2+lj
2 sinh
2 k3+lm
2 sinh
2 k3+lj
2
, (2.24)
B˜m,j =
(
e−km − 1) (e−kj − 1) sinh2 km−kj2 sinh2 l1−l22 sinh2 l1−l32 sinh2 l2−l32
16 sinh2 km+l12 sinh
2 kj+l1
2 sinh
2 km+l2
2 sinh
2 kj+l2
2 sinh
2 km+l3
2 sinh
2 kj+l3
2
. (2.25)
The coefficient of ε6 gives
f (6)n = Je
ξ1+ξ2+ξ3+η1+η2+η3 , s(6)n = Ke
ξ1+ξ2+ξ3+η1+η2+η3 ,
where
J =
∏
p∈{1,2,3}
(elp − 1)][ ∏
m,j∈{1,2,3}
m<j
sinh2
km−kj
2 sinh
2 lm−lj
2
64
∏
p,µ∈{1,2,3}
1
sinh2
kp+lµ
2
, (2.26)
K =
∏
p∈{1,2,3}
(e−kp − 1)][ ∏
m,j∈{1,2,3}
m<j
sinh2
km−kj
2 sinh
2 lm−lj
2
64
∏
p,µ∈{1,2,3}
1
sinh2
kp+lµ
2
. (2.27)
It can be verified that the coefficients of ε7, ε8, ε9, ε10, ε11, ε12 are automatically satisfied. Therefore, the
semi-discrete Gerdjikov-Ivanov equation (1.1) has three-soliton solution in the form
qn =
eξ1 + eξ2 + eξ3 +
∑
1≤m<j≤3
∑
1≤µ≤3
Am,j,µe
ξm+ξj+ηµ +
∑
16m<j63
A˜m,je
ξ1+ξ2+ξ3+ηm+ηj
1 +
∑
1≤m,j≤3
eξm+ηj+αm,j +
∑
1≤m<j≤3
∑
1≤µ<ν≤3
Mm,j,µ,νeξm+ξj+ηµ+ην + Jeξ1+ξ2+ξ3+η1+η2+η3
, (2.28)
rn = −
eη1 + eη2 + eη3 +
∑
1≤m<j≤3
∑
1≤µ≤3
Bµ,m,je
ξµ+ηm+ηj +
∑
16m<j63
B˜m,je
η1+η2+η3+ξm+ξj
1 +
∑
1≤m,j≤3
eξm+ηj+δm,j +
∑
1≤m<j≤3
∑
1≤µ<ν≤3
Nm,j,µ,νeξm+ξj+ηµ+ην +Keξ1+ξ2+ξ3+η1+η2+η3
,(2.29)
with ξj = kjn+(4i sinh
2 kj
2 )t+δj , ηj = ljn−(4i sinh2 lj2 )t+αj(j = 1, 2, 3) and the coefficients αm,j , δm,j , A˜m,j ,
B˜m,j , Am,j,µ, Bs,i,j ,Mi,j,s,t, Ni,j,s,t, J,K are given by (2.20-2.27). Here ki, li, δi and αi(i = 1, 2, 3) are arbi-
trary complex parameters.
3 Soliton solitons for the reverse-space nonlocal discrete DNLS equation (1.3)
In this section, we derive one-, two-, three-soliton solutions for the reverse-space DNLS equation (1.3) by
finding the constraint conditions on the parameters of one-, two-, three-soliton solutions of the semi-discrete
Gerdjikov-Ivanov equation (1.1) to satisfy the the reduction formula rn = σq
∗
−n.
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3.1 One-soliton solutions
From one-soliton solution (2.10) and reduction formula rn = σq
∗
−n, we have
− e
ln+ρt+α
1 +Be(k+l)n+(ω+ρ)t+δ+α
=
σe−k
∗n+ω∗z+δ∗
1 +A∗e−(k∗+l∗)n+(ω∗+ρ∗)t+δ∗+α∗
, (3.1)
which yields the constraint conditions on four free paramaters k, l, δ, α :
(1) l = −k∗, (2) ρ = ω∗, (3) eα = −σeδ∗ , (4) B = A∗,
(5) k + l = − (k∗ + l∗) , (6) ρ+ ω = ω∗ + ρ∗, (7) eδ+α = eδ∗+α∗ .
(3.2)
Utilizing the dispersion relation (2.6) and (2.9), Eq.(3.2) can be reduced to the following two constraints
(1) l = −k∗, (2) eα = −σeδ∗ . (3.3)
Therefore, the reverse-space discrete DNLS equation (1.3) has the following form of one soliton solution
qn =
ekn+(4i sinh
2 k
2 )t+δ
1−Aσe(k−k∗)n+4i(sinh2 k2−sinh2 k∗2 )t+(δ+δ∗)
, (3.4)
where A = e
−k∗−1
4 sinh2 k−k
∗
2
and k, δ are arbitrary complex parameters.
By letting k = a+ bi, δ = c+ di, A = L+Mi, we obtain
|qn|2 = e
2an
e−2R + e2R(L2 +M2)− 2σ√L2 +M2 cos(2bn+ γ) , (3.5)
where R = c− 2 sin(b) sinh(a)t and γ is determined by sin(γ) = M√
L2+M2
, cos(γ) = L√
L2+M2
. In the spaecial
case a = 0, (3.5) becomes
|qn|2 = 1
e−2c + e2c(L2 +M2)− 2σ√L2 +M2 cos(2bn+ γ) , (3.6)
which is a spatial periodical solution with the period pib . By taking parameters as k = 2i, δ = 3 + 4i, σ = −1,
the spatial periodical solution (3.6) is illustrated in (a) of Fig.1.
If a 6= 0, then one-soliton solution (3.4) would breathe and periodically collapse in n at time t =
c+
ln(L2+M2)
4
2 sin(b) sinh(a) and its amplitude |qn| changes as
|qn|2 =
√
L2 +M2e2an
2(1− σ cos(2bn+ γ)) . (3.7)
When b 6= 0, this soliton periodically collapses in n with period pib and its amplitude grows or decays
exponentially (depending on the sign of a), which are shown in (a) and (b) of Fig.2 by choosing the parameters
as
k = −0.3− 0.7i, δ = 1 + pii, σ = −1,
and
k = 0.4 + 0.9i, δ = 1 + pii, σ = −1,
respectively.
We obtain another type of one-soliton solution for the reverse-space discrete DNLS equation (1.3) by the
cross multiplication reduction. Applying the cross multiplication on Eq.(3.1), we obtain
− eln+ρt+α(1 +A∗e−(k∗+l∗)n+(ω∗+ρ∗)+δ∗+α∗) = σe−k∗n+ω∗t+δ(1 +Be(k+l)n+(ω+ρ)t+δ+α), (3.8)
from which we derive the conditions
(1) k = k∗, l = l∗
(2) eδ+δ
∗
= − 1
σB
, eα+α
∗
= − σ
A∗
,
(3.9)
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in which A = e
l−1
4 sinh2 k+l2
and B = e
−k−1
4 sinh2 k+l2
. Setting δ = a + bi,α = c + di, then according to the Eq.(3.9),
we obtain
(1) ea =
√
1
−σB ,
(2) ec =
√
1
−σA,
(3.10)
where a, b, c, d, k, l are real.
Therefore, another type of one soliton solution for Eq.(1.3) is given by
q(n, t) =
ekn+4i sinh
2 k
2 t+bi
√−σB(1 +
√
A
B e
(k+l)n+4i(sinh2 k2 t−sinh2 l2 )t+(b+d)i)
, (3.11)
where b, d, k, l are free real parameters. The corresponding |qn|2 is
|qn|2 = e
2kn+2a
1 +A2e2(k+l)n+2(a+c) + 2A cos(R)e(k+l)n+(a+c)
, (3.12)
where R = 4(sinh2 k2 − sinh2 l2 )t + (b + d). From (3.12), we derive one-soliton solution (3.11) breathes and
periodically collapses in time at position n =
ln AB
2(k+l) , in which the condition
ln AB
2(k+l) ∈ Z should be satisfied.
The period of this collapse is pi
2(sinh2 k2−sinh2 l2 )
.
The graph of one soliton solution (3.11) is depicted in (b) of Fig.1 by taking the parameters:
σ = −1, k = ln(1− e−0.3), l = 0.3, b = 1, d = 1.
(a) (b)
Fig. 1: One-soliton solution for Eq.(1.3): (a) Nonsingular spatial periodic solution, (b) solution breathing
and periodically collapsing in time.
3.2 Two-solitons
From the two-soliton solution (2.16-2.17) and reduction formula rn = σq
∗
−n, we have
− e
η1 + eη2 + Bˆ1e
ξ1+η1+η2 + Bˆ2e
ξ2+η1+η2
1 + eξ1+η1+δ1,1 + eξ1+η2+δ1,2 + eξ2+η1+δ2,1 + eξ2+η2+δ2,2 +Neξ1+ξ2+η1+η2
=
σ
eξ¯
∗
1 + eξ¯
∗
2 + Aˆ∗1e
ξ¯∗1+ξ¯
∗
2+η¯
∗
1 + Aˆ∗2e
ξ¯∗1+ξ¯
∗
2+η¯
∗
2
1 + eξ¯
∗
1+η¯1
∗+α∗1,1 + eξ¯
∗
1+η¯
∗
2+α
∗
1,2 + eξ¯
∗
2+η¯
∗
1+α
∗
2,1 + eξ¯
∗
2+η¯
∗
2+α
∗
2,2 +Meξ¯
∗
1+ξ¯
∗
2+η¯
∗
1+η¯
∗
2
,
(3.13)
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(a) (b)
Fig. 2: One-soliton solution periodically collapsing in space: (a)Solution with exponentially growing ampli-
tude, (b)Solution with exponentially decaying amplitude.
where ξ¯j = −kjn+ωjt+ δj , η¯j = −ljn+ ρjt+αj(j = 1, 2). Eq.(3.13) yields the constraint conditions on the
eight paramaters kj , lj , δj , αj(j = 1, 2):
(1) lj = −k∗j , j = 1, 2, (2)aj = ω∗j , j = 1, 2, (3)eαj = −σeδ
∗
j , j = 1, 2, (4)Bˆj = Aˆ
∗
j , j = 1, 2,
(5) k1 + l1 + l2 = − (k∗1 + k∗2 + l∗1) , k2 + l1 + l2 = − (k∗1 + k∗2 + l∗2) , (6)eα
∗
m,j = eδj,m , m, j = 1, 2,
(7) ω1 + ρ1 + ρ2 = − (ω∗1 + ω∗2 + ρ∗1, ) , ω2 + ρ1 + ρ2 = − (ω∗1 + ω∗2 + ρ∗2) , (8) N = M∗.
(3.14)
Utilizing the dispersion relations (2.12) and Eqs.(2.13-2.15), Eq.(3.14) can be reduced to the following four
conditions
(1) lj = −k∗j , (2) eαj = −σeδ
∗
j , j = 1, 2. (3.15)
Therefore, the two-soliton solution for the reverse-space discrete DNLS equation (1.3) is given by (2.16) with
constraints of parameters (3.15). The graph of this two-soliton solution is depicted in Fig.3 and Fig.4 by
taking the parameters as
k1 = 0.2i, k2 = 0.8i, δ1 = 1 + 2i, δ2 = i, σ = −1,
and
(a) k1 = 0.3 + 0.6i, k2 = −0.4− 0.9i, δ1 = 0, δ2 = 0, σ = 1,
(b) k1 = 0.2 + 0.4i, k2 = −0.2− 0.4i, δ1 = 0, δ2 = 0, σ = 1,
respectively.
We derive another type of two-soliton solution for the reverse-space discrete DNLS equation (1.3) via
the cross multiplication reduction. Applying the cross multiplication on (3.13). we obtain the following
constraints on eight paramaters kj , lj , δj , αj(j = 1, 2):
(1) kj = k
∗
j , lj = l
∗
j (j = 1, 2), (2) e
δ1+δ
∗
1 = − Bˆ2
σN
,
(3) eδ2+δ
∗
2 = − Bˆ1
σN
, (4) eα1+α
∗
1 = −σAˆ
∗
2
M∗
, (5) eα2+α
∗
2 = −σAˆ
∗
1
M∗
.
(3.16)
We suppose δj = aj + bji,αj = xj + yji(j = 1, 2), where aj , bj , xj , yj(j = 1, 2) are real. According to (3.16),
we obtain
(1)ea1 = 2
√
sinh2 k1+l12 sinh
2 k1+l2
2
σ(1− e−k1) sinh2 k1−k22
, (2)ea2 = 2
√
sinh2 k2+l12 sinh
2 k2+l2
2
σ(1− e−k2) sinh2 k1−k22
,
(3)ex1 = 2
√
sinh2 k1+l12 sinh
2 k2+l1
2
σ(1− el1) sinh2 l1−l22
, (4)ex2 = 2
√
sinh2 k1+l22 sinh
2 k2+l2
2
σ(1− el2) sinh2 l1−l22
.
(3.17)
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(a) (b)
Fig. 3: Two-soliton solution for Eq.(1.3): (a)Nonsingular periodic two-soliton, (b)The density profiles of (a).
(a) (b)
Fig. 4: Two-soliton solution for Eq.(1.3): (a)Two nonsingular solitons with changing amplitude moving in
opposite directions, (b)Elastic collision of two soliton.
Therefore, another type of two-soliton solution for the reverse-space discrete DNLS equation (1.3) is given
by (2.16) with constraints of parameters (3.17). We illustrate this two-soliton in Fig.5 by taking
k1 = 0.3, k2 = 0.8, l1 = 0.3, l2 = 0.8, b1 = 0, b2 = 0, y1 = 0, y2 = 0, σ = 1.
3.3 Three-solitons
Similar to one- and two- soliton solution for the reverse-space discrete DNLS equation (1.3), we obtain the
following conditions on the parameters of three-soliton solution (2.28-2.29) to satisfy the nonlocal reduction
rn = σq
∗
−n:
lj = −k∗j , ρj = ω∗j , eαj = −σeδj , j = 1, 2, 3; eδm,j = eα
∗
j,m , m, j = 1, 2, 3; K = J∗;
B˜m,j = A˜
∗
m,j , Bµ,m,j = A
∗
m,j,µ, m, j, µ = 1, 2, 3,m < j; Nm,j,µ,ν = M
∗
µ,ν,m,j , m, j, µ, ν = 1, 2, 3,m < j, µ < ν.
(3.18)
Utilizing the dispersion relations (2.19) and Eqs.(2.20-2.27), Eq.(3.18) can be reduced to the following six
conditions
lj = −k∗j , eα
∗
j = −σeδj , j = 1, 2, 3. (3.19)
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(a) (b)
Fig. 5: Two-soliton solution for Eq.(1.3): (a) periodically breathing bounded two-soliton, (b)The density
profiles of (a).
Therefore, the 3-soliton solution of the nonlocal discrete DNLS (1.3) is given by (2.28) with constraints of
parameters (3.19). we choose parameters in three-soliton solution as
k1 = 0.25i, k2 = 0.2i, k3 = 0.8i, δ1 = i, δ2 = i, δ3 = i, σ = −1,
and the corresponding three-soliton is shown in Fig.6 .
(a) (b)
Fig. 6: Three-soliton solution for Eq.(1.3): (a)bounded periodic three-soliton, (b)The density profiles of (a).
4 Soliton solutions for the reverse-space-time discrete DNLS equation (1.4)
In this section, we derive one-, two-, three-soliton solutions of the reverse-space-time discrete DNLS
equation (1.4) by finding the constraint conditions on the parameters of one-, two-, three-soliton solutions
of the semi-discrete Gerdjikov-Ivanov equation (1.1) to satisfy the the reduction formula rn = σq−n(−t).
4.1 One solitons
From one-soliton solution (2.10) and reduction formula rn = σq−n(−t), we have
− e
ln+ρt+α
1 +Be(k+l)n+(ω+ρ)t+δ+α
=
σe−kn−ωt+δ
1 +Ae−(k+l)n−(ω+ρ)t+α+δ
. (4.1)
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By applying the cross multiplication on (4.1), we obtain
− (eln+ρt+α +Ae−kn−ωt+δ+2α) = σe−kn−ωt+δ +Bσeln+ρt+2δ+α, (4.2)
form which we derive
Ae2α = −σ, Be2δ = −σ, (4.3)
which yields eα =
√
− 1σA and eδ =
√
− 1σB . Therefore, one soliton solution for the reverse-space-time discrete
DNLS equation (1.4) is given by
qn =
ekn+(4i sinh
2 k
2 )t
√−σB(1 +
√
A
B e
(k+l)n+4i(sinh2 k2−sinh2 l2 )t)
, (4.4)
where k, l are free complex parameters. By setting k = a+ bi, c+ di,
√
A
B = R + Ii, the corresponding |qn|
is given by
|qn|2 = 1|B|(e−2ζ1 + (R2 + I2)e2ζ2 + 2√R2 + I2 cos(L+ γ)eζ2−ζ1) , (4.5)
where ζ1 = an−2 sinh(a) sin(b)t, ζ2 = cn+2 sinh(c) sin(d)t,L = (b+d)n+2(cosh(a) cos(b)−cosh(c) cos(d))t, cos(γ) =
R√
R2+I2
, sin(γ) = L√
R2+I2
.
Case I. b = d = 0.
In this case, |qn| can be written as
|qn|2 = 1|B|(e−2an +R2e2cn + 2|R| cos(2(cosh(a)− cosh(c))t+ γ)e(c−a)n) , (4.6)
from which we derive that this soliton breathes and periodically collapses in t with period picosh(a)−cosh(c)
at position n = − ln(
ec−1
e−a−1 )
2(a+c) where the conditions ac < 0 and −
ln | ec−1
e−a−1 |
a+c ∈ Z should be satisfied. At
n = − ln(
ec−1
e−a−1 )
2(a+c) , the amplitude of the soliton changes as
|qn|2 = 1|B|(|R| 2aa+c + |R|− 2aa+c + 2|R| 2aa+c cos(2(cosh(a)− cosh(c))t+ γ))
. (4.7)
By taking
k = ln
2
3
, l = ln 3, σ = −1,
this soliton is illustrated in (a) of Fig.7.
Case II. a = c = 0.
In this case, the |qn| becomes
|qn|2 = 1|B|(1 +R2 + I2 + 2√R2 + I2 cos(((b+ d)n+ 2(cos(b)− cos(d))t+ γ) . (4.8)
When R2 + I2 6= 1, this soliton is bounded and periodic which is shown in (b) of Fig.7 by taking
k = i, l = 0.3i, σ = 1.
Case III. a, c are not simultaneously zero and b, d are not simultaneously zero.
In this case, this soliton moves at velocity V = 2(sinh(a) sin(b)−sinh(c) sin(d))a+c on the line n = V t− 12(a+c) ln(R2+
I2) where the amplitude |qn| changes as
|qn|2 = (R
2 + I2)−
a
a+c
2|B|
e2%t
1 + cos(Ωt+ ϑ)
,
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where % = aV − 2 sinh(a) sin(b),Ω = (b+ d)V + 2(cosh(a) cos(b)− cosh(c) cos(d)), ϑ = γ− b+d2(a+c) ln(R2 + I2).
When Ω 6= 0, this soliton periodically collapses with period 2piΩ , and when % 6= 0, the amplitude of the soliton
grows or decays exponentially (depending on the sign of %) which are illustrated in (a) and (b) of Fig.8 by
taking parameters as
k = 0.5− 3i, l = 0.6− 0.5i, σ = 1,
and
k = 0.5 + 3i, l = 0.6 + 0.5i, σ = 1,
respectively.
(a) (b)
Fig. 7: One-soliton solution for the reverse-space-time discrete DNLS equation (1.4): (a)One-soliton breath-
ing and periodically collapsing in time, (b) bounded periodic one-soliton.
(a) (b)
Fig. 8: Periodically collapsing one-soliton solution for Eq.(1.4): (a) Solution with exponentially growing
amplitude, (b) Solution with exponentially decaying amplitude.
4.2 Two-solitons
From the two-soliton solution (2.16-2.17) and reduction formula rn = σq−n(−t), we have
− e
η1 + eη2 + Bˆ1e
ξ1+η1+η2 + Bˆ2e
ξ2+η1+η2
1 + eξ1+η1+δ1,1 + eξ1+η2+δ1,2 + eξ2+η1+δ21 + eξ2+η2+δ2,2 +Neξ1+ξ2+η1+η2
=
σ
eξ
−
1 + eξ
−
2 + Aˆ1e
ξ−1 +ξ
−
2 +η
−
1 + Aˆ2e
ξ−1 +ξ
−
2 +η
−
2
1 + eξ
−
1 +η
−
1 +α1,1 + eξ
−
1 +η
−
2 +α1,2 + eξ
−
2 +η
−
1 +α2,1 + eξ
−
2 +η
−
2 +α2,2 +Meξ
−
1 +ξ
−
2 +η
−
1 +η
−
2
,
(4.9)
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where ξ−j = −kjn− ωjt+ δj , η−j = −lin− ρjt+ αj(j = 1, 2). Applying the cross multiplication, we get
Bˆ1e
2αj+α1,j+2δ1 + Bˆ2e
2αj+α2,j+2δ2 + σNAˆje
2αj+2δ1+2δ2 + σe2δ1+δ1,j + σe2δ2+δ2,j + 1 = 0, j = 1, 2,
Aˆ1e
2δj+δj,1+2α1 + Aˆ2e
2δj+δj,2+2α2 + σMBˆje
2δj+2α1+2α2 + σe2α1+αj,1 + σe2α2+αj,2 + 1 = 0, j = 1, 2,
σAˆλe
2δν+δν,µ + eαβ,λ = 0, σBˆλe
2αν+αµ,ν + eδλ,β = 0, λ, ν ∈ {1, 2};µ ∈ {1, 2}\{λ};β ∈ {1, 2}\{ν},
σAˆm +Me
2αj = 0, σBˆm +Ne
2δj = 0, 1 ≤ j 6= m ≤ 2.
(4.10)
Utilizing the dispersion relations (2.12) and Eqs.(2.13-2.15), Eq.(4.10) can be reduced to the following four
conditions
Me2αj = −σAˆm, Ne2δj = −σBˆm, 1 ≤ j 6= m ≤ 2, (4.11)
from which we have
eαj = 2
√√√√ sinh2 k1+lj2 sinh2 k2+lj2
σ(1− elj ) sinh2 l1−l22
, eδj = 2
√√√√ sinh2 kj+l12 sinh2 kj+l22
σ(1− e−kj ) sinh2 k1−k22
, j = 1, 2, (4.12)
where kj , lj(j = 1, 2) are arbitrary complex parameters. Therefore, (2.16) with constraints of parameters
(4.12) gives two-soliton solution for the reverse-space-time discrete DNLS equation (1.4). A periodically
breathing but not collapsing two-soliton solution which is asymmetric in n is depicted in Fig.9 by taking the
parameters as
k1 = 0.3, k2 = 0.6, l1 = 0.6, l2 = 0.3, σ = 1.
The collisions of two bounded soliton are displayed in (a) and (b) of Fig.10 by choosing parameters as
(a) (b)
Fig. 9: Two-soliton solution for the reverse-space-time discrete DNLS equation (1.4): (a)Breathing 2-soliton,
(b)The density profiles of (a).
k1 = 0.3 + 0.5i, k2 = 0.3− 0.4i, l1 = 0.3− 0.3i, l2 = 0.3 + 0.6i, σ = 1,
and
k1 = 0.3 + 0.6i, k2 = 0.3− 0.6i, l1 = 0.3− 0.6i, l2 = 0.3 + 0.6i, σ = 1,
respectively.
4.3 Three-solitons
By applying cross multiplication on the three-soliton solution (2.28-2.29) with the nonlocal reduction
rn(t) = σq−n(−t), we obtain 126 constraints on parameters which are given in Appendix A.
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(a) (b)
Fig. 10: Two-soliton solution for the reverse-space-time discrete DNLS equation (1.4): (a)Collision of two
bounded soliton with exponentially decaying amplitudes, (b)Elastic collision of two soliton.
Applying the dispersion relations (2.19) and Eqs.(2.20-2.27), Eqs.(A.1-A.6) can be reduced to the follow-
ing six constraints:
σA˜m,p = −Je2αj , σB˜m,p = −Ke2δj , j ∈ {1, 2, 3},m, p ∈ {1, 2, 3}\{j}, p > m,
which yields
eαj = 2
√√√√ sinh2 k1+lj2 sinh2 k2+lj2 sinh2 k3+lj2
σ(1− elj ) sinh
lj−lm
2 sinh
lj−lp
2
, j ∈ {1, 2, 3},m, p ∈ {1, 2, 3}\{j}, p > m, (4.13)
eδj = 2
√√√√ sinh2 kj+l12 sinh2 kj+l22 sinh2 kj+l32
σ(1− e−kj ) sinh
kj−km
2 sinh
kj−kp
2
, j ∈ {1, 2, 3},m, p ∈ {1, 2, 3}\{j}, p > m, (4.14)
where kj , lj(j = 1, 2, 3) are arbitrary complex parameters. Therefore, Eq.(2.28) with constraints on param-
eters (4.13-4.14) gives three-soliton solution for the reverse-space-time discrete DNLS equation (1.4). The
bounded three-soliton solution which breathes periodically in t is displayed in Fig.11 by taking parameters
in this three-soliton solution as
k1 = 0.5, k2 = 0.3, k3 = 0.6, l1 = 0.6, l2 = 0.3, l3 = 0.5, σ = −1.
The interactions of three bounded solitons are displayed in Fig.12 by takeing the parameters as
k1 = 0.15 + 0.24i, k2 = 0.24 + 0.15i, k3 = 0.24− 0.15i, l1 = 0.15− 0.24i, l2 = 0.24− 0.15i, l3 = 0.24 + 0.15i, σ = −1.
5 Conclution and discussion
In this paper, we proposed the reverse-space and reverse-space-time nonlocal discrete DNLS equations
(1.3) and (1.4), and derived their one-, two- and three-soliton solutions via Hirota bilinear method and
reduction approach. The dynamics of soliton solutions are discussed and rich soliton structures in the reverse-
space and reverse-space-time nonlocal discrete DNLS equations are revealed. Our investigation shows that
the solitons of these nonlocal equations often breathe and periodically collapse for some soliton parameters,
but remain bounded for other range of parameters.
Now we investigate the continuous limit for the reverse-space nonlocal discrete DNLS equation (1.3), the
reverse-space-time nonlocal discrete DNLS equation (1.4) and their one-soliton solutions. If we take
qn = εQ(x, τ), x = nε
2, τ = ε4t,
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(a) (b)
Fig. 11: Three-soliton solution for the reverse-space-time discrete DNLS equation (1.4): (a)Periodically
breathing bounded three-soliton solution, (b)The density profiles of (a).
(a) (b)
Fig. 12: Three-soliton solution for the reverse-space-time discrete DNLS equation (1.4): (a)Collision of
bounded three soliton, (b)The density profiles of (a).
then as ε→ 0, Eq. (1.3) and Eq. (1.4) converge to the reverse-space and reverse-space-time nonlocal DNLS
equations
iQτ +Qxx − 2σQ2Q∗x(−x)− 2Q3Q∗2(−x) = 0, (5.1)
and
iQτ +Qxx − 2σQ2Qx(−x,−τ)− 2Q3Q2(−x,−τ) = 0, (5.2)
respectively. Furthermore, by setting k = ε2λ, eδ = εeβ and taking limit ε→ 0, the first type of one-soliton
solution (3.4) for the reverse-space discrete DNLS equation (1.3) converges to
Q(x, τ) =
1
e−λx−iλ2τ−β + λ∗σ(λ−λ∗)2 e
−λ∗x−iλ∗2τ+β∗ , (5.3)
with λ, β being complex parameters, which is one type of one-soliton soluiton for the reverse-space nonlocal
DNLS equation (5.1). By setting k = ε2λ, l = ε2ω, and taking limit ε → 0, the second type of one-soliton
solution (3.11) for the reverse-space discrete DNLS equation (1.3) converges to
Q(x, τ) =
1√
σλ
(λ+ω)2 e
−λx−iλ2τ−bi +
√
−σω
(λ+ω)2 e
ωx−iω2τ+di
, (5.4)
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with λ, ω, b, d being real parameters, which is another type of one-soliton soluiton for the reverse-space
nonlocal DNLS equation (5.1). Setting k = ε2λ, l = ε2ω, and taking limit ε → 0, the one-soliton solution
(4.4) for the reverse-space discrete DNLS equation (1.4) converges to
Q(x, τ) =
1√
σλ
(λ+ω)2 e
−λx−iλ2τ +
√
−σω
(λ+ω)2 e
ωx−iω2τ
, (5.5)
with λ, ω being complex parameters, which is one-soliton soluiton for the reverse-space-time nonlocal DNLS
equation (5.2). The N-soliton solution expressed in terms of Grammian and Casorati determinant solutions
for two types of nonlocal discrete DNLS (1.3) and (1.4) via the bilinearisation-reduction approach are under
investigation.
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Appendix A Constrains on the parameters in three-soliton solution for the
reverse-space-time discrete DNLS equation (1.4)
Applying the cross multiplication on three-soliton solution (2.28-2.29) with nonlocal reduction rn(t) =
σq−n(−t), we obtain the following 126 constraints on the parameters:
e2δλ = −σBˆµ,ν
K
= −σMµ,ν,m,p
A˜m,peδλ,j
, e2αλ = −σA˜µ,ν
J
= −σNm,p,µ,ν
B˜m,peαj,λ
,
λ, j ∈ {1, 2, 3};µ, ν ∈ {1, 2, 3}\{λ}, ν > µ;m, p ∈ {1, 2, 3}\{j}, p > m, (A.1)
e2δλ = − σBµ,m,pe
αν,j
Aν,λ,jNλ,µ,m,p
, e2αλ = − σAm,p,µe
δj,ν
Bj,ν,λMm,p,λ,µ
,
λ, j ∈ {1, 2, 3};µ, ν ∈ {1, 2, 3}\{λ};m, p ∈ {1, 2, 3}\{j}, p > m, (A.2)
e2δ1e2δ2A1,2,λN1,2,µ,ν + e
2δ1e2δ3A1,3,λN1,3,µ,ν + e
2δ2e2δ3A2,3,λN2,3,µ,ν + σ e
2δ1eα1,λB1,µ,ν
+σ e2δ2eα2,λB2,µ,ν + σ e
2δ3eα3,λB3,µ,ν = 0,
e2α1e2α2Bλ,1,2Mµ,ν,1,2 + e
2α1e2α3Bλ,1,3Mµ,ν,1,3 + e
2α2e2α3Bλ,2,3Mµ,ν,2,3 + σ e
2α1eδλ,1Aµ,ν,1
+σ e2α2eδλ,2Aµ,ν,2 + σ e
2α3eδλ,3Aµ,ν,3 = 0, λ ∈ {1, 2, 3};µ, ν ∈ {1, 2, 3}\{λ}, ν > µ, (A.3)
Bλ,m,p + σ e
2δνNλ,ν,m,p + σ e
2δµNλ,µ,m,p + e
2δµe2αjeαµ,j B˜λ,µ + e
2δνe2αjeαν,j B˜λ,ν + σ e
2δµe2δνe2αjAµ,ν,jK
= 0,
Am,p,λ + σ e
2ανMm,p,λ,ν + σ e
2αµMm,p,λ,µ + e
2αµe2δjeδj,µA˜λ,µ + e
2ανe2δjeδj,ν A˜λ,ν + σ e
2αµe2ανe2δjBj,µ,νJ
= 0, λ, j ∈ {1, 2, 3};µ, ν ∈ {1, 2, 3}\{λ}, ν > µ;m, p ∈ {1, 2, 3}\{j}, p > m, (A.4)
σ e2δme2δpe2ακA˜µ,νNm,p,κ,λ + σ e
2δmeδm,λAj,m,β + σ e
2δpeδp,λAj,p,β + e
2δme2ακBm,κ,λMj,m,µ,ν
+e2δpe2ακBp,κ,λMj,p,µ,ν + e
αj,β = 0,
σ e2αme2αpe2δκB˜µ,νMκ,λ,m,p + σ e
2αmeαλ,mBβ,j,m + σ e
2αpeαλ,pBβ,j,p + e
2αme2δκAκ,λ,mNµ,ν,j,m
+e2αpe2δκAκ,λ,pMµ,ν,j,p + e
δβ,j = 0, λ, j ∈ {1, 2, 3};µ, ν ∈ {1, 2, 3}\{λ}, ν > µ;β ∈ {1, 2, 3}\{λ};
κ ∈ {1, 2, 3}\{β, λ};m, p ∈ {1, 2, 3}\{j}, p > m, (A.5)
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σ e2δ1e2δ2e2αµA1,2,µN1,2,µ,λ + σ e
2δ1e2δ3e2αµA1,3,µN1,3,µ,λ + σ e
2δ1e2δ2e2ανA1,2,νN1,2,ν,λ
+σ e2δ1e2δ3e2ανA1,3,νN1,3,ν,λ + σ e
2δ2e2δ3e2αµA2,3,µN2,3,µ,λ + σ e
2δ2e2δ3e2ανA2,3,νN2,3,ν,λ
+e2δ1e2αµeα1,µB1,µ,λ + e
2δ1e2ανeα1,νB1,ν,λ + e
2δ2e2αµeα2,µB2,µ,λ + e
2δ2e2ανeα2,νB2,ν,λ +
e2δ3e2αµeα3,µB3,µ,λ + e
2δ3e2ανeα3,νB3,ν,λ + e
2δ1e2δ2e2αµe2αν B˜1,2M1,2,µ,ν + e
2δ1e2δ3e2αµe2αν B˜1,3M1,3,µ,ν
+e2δ2e2δ3e2αµe2αν B˜2,3M2,3,µ,ν + σ e
2δ1eδ1,λ + σ e2δ2eδ2,λ + σ e2δ3eδ3,λ + σ e2δ1e2δ2e2δ3e2αµe2αν A˜µ,νK
+1 = 0,
σ e2α1e2α2e2δµBµ,1,2Mµ,λ,1,2 + σ e
2α1e2α3e2δµBµ,1,3Mµ,λ,1,3 + σ e
2α1e2α2e2δνBν,1,2Mν,λ,1,2
+σ e2α1e2α3e2δνBν,1,3Mν,λ,1,3 + σ e
2α2e2α3e2δµBµ,2,3Mµ,λ,2,3 + σ e
2α2e2α3e2δνBν,2,3Mν,λ,2,3
+e2α1e2δµeδµ,1Aµ,λ,1 + e
2α1e2δνeδν,1Aν,λ,1 + e
2α2e2δµeδµ,2Aµ,λ,2 + e
2α2e2δνeδν,2Aν,λ,2 +
e2α3e2δµeδµ,3Aµ,λ,3 + e
2α3e2δνeδν,3Aν,λ,3 + e
2α1e2α2e2δµe2δν A˜1,2Nµ,ν,1,2 + e
2α1e2α3e2δµe2δν A˜1,3Nµ,ν,1,3
+e2α2e2α3e2δµe2δν A˜2,3Nµ,ν,2,3 + σ e
2α1eαλ,1 + σ e2α2eαλ,2 + σ e2α3eαλ,3 + σ e2α1e2α2e2α3e2δµe2δν B˜µ,νJ
+1 = 0, λ ∈ {1, 2, 3};µ, ν ∈ {1, 2, 3}\{λ}, ν > µ. (A.6)
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